Properties of white dwarf stars composed of relativistic degenerate electron gas are studied in general relativity. Mass-Radius relation for white dwarf stars is investigated by solving the Tolman-Oppenheimer-Volkoff equation for hydrostatic equilibrium considering the electron gas as non-interacting. Chandrasekhar's limiting mass of 1.452M⊙ is slightly modified to 1.397M⊙ for 4 2 He (and 12 6 C) white dwarf stars. The critical mass for iron white dwarf stars is also calculated using general relativity, which is found to be 1.204M⊙. The critical densities for gravitational instability is compared with the neutronization threshold. It is found that 
Introduction
During the total solar eclipse of May 29, 1919, a group led by Eddington [1] confirmed the effect of general relativity in bending light rays around the sun. The experiment predicted the effect to be measurable for small stars of surface gravity 275 m/sec 2 . Later in 1965, a second test for general relativity conducted by Pound and Rebka [2, 3] predicted that general relativistic effects (particularly, gravitational blue or red shift) are even recordable in the small gravitational field of the earth. These experiments clearly suggest that the effects of general relativity would be much more noticeable in the case of dense stars. It is therefore important to know what correction would follow due to Einstein's general theory of relativity if it were applied to dense stars like white dwarfs. As compared to Newtonian stars, the equation determining the hydrostatic equilibrium of a star changes drastically when the general theory of relativity is taken into account. In this paper we have studied how this change would modify the stellar structure of a typical white dwarf star.
It appears that these effects may become important for large values of central density. However we find, in the case of a white dwarf, that the effect is small and it modifies the Chandrasekhar's limiting mass by a small amount.
are composed mainly of helium at high temperature (10 7 K) and pressure. The thermal energy provided by the temperature is sufficiently large to ionize the helium atoms completely. The Fermi temperature (10 11 K) calculated from the electron density suggests that matter inside the star is highly degenerate [4] . The outward pressure created by the degenerate electrons gas keeps the star from gravitational collapse.
After Dirac [5] formulated his Fermi-Dirac distribution in 1926, Fowler [6] treated the electron gas in Sirius-B as almost completely degenerate. He treated the star as non-relativistic electron gas and found no limiting mass for the star. However, Anderson [7] and Stoner [8] considered the electron gas as relativistic and found the existence of a limiting density, although the treatments were heuristic. Chandrasekhar [9] obtained the limiting mass as 0.91M ⊙ by treating the degenerate electron gas as ultra-relativistic. In 1934, Chandrasekhar [10] succeeded in formulating the theory of white dwarfs to full generality. He employed Newtonian gravity and an equation of state valid for the entire range of electron velocities, including relativistic velocities, of the degenerate Fermi gas to obtain the equation of hydrostatic equilibrium. He thus obtained the equations in the form of Lane-Emden equation with index 3 and solved the differential equations numerically to obtain the limit of 1.44M ⊙ . In 1965, Anand [11] studied the effect of rotation on a white dwarf star. He showed that the effect of rotation modified the value of limiting mass to 1.704M ⊙ implying an increase of 2.5% in Chandrasekhars limiting mass [12] . Qualitative arguments given by Landau and Lifshitz [12] suggested that the inter-particle Coulomb interaction is negligible in a white dwarf star. Later, using the method of Bohm and Pines [13] , Singh showed that the correction to the electron density due to electron-electron interaction is small and can be treated as negligible [14] .
In deriving the general relativistic equation of equilibrium for compact stars, Tolman [15] and Oppenheimer and Volkoff [16] 6 C) white dwarf stars. The critical mass for iron white dwarf stars is also calculated using general relativity, which is found to be 1.204M ⊙ . The critical densities for gravitational instability is compared with the neutronization threshold. It is found that In Section 4, the instabilities due to gravitaion and inverse beta decay are considered. The limiting masses at neutronization threshold are computed for a few relevant stars by solving the TOV equation. The numerical results are presented with a few relevant plots.
General Relativistic Treatment of White Dwarf Stars
The metric that describes the interior of a spherical symmetric star is given by [15, 17, 18, 19, 20] 
for the static case where ν and λ are functions of r.
The matter inside the star is considered to be a perfect fluid with energy-momentum tensor
where ρ and p are the macroscopic mass-energy density and pressure respectively. For the line element given by Eq. (1), the non-zero components of the energy-momentum tensor are given by
Einstein's field equations corresponding to the above line element and for the energy-momentum tensor is given by
where primes denote differentiation with respect to r. These three equations together with the equation of state of matter ρ = ρ(p) determine the hydrostatic equilibrium for an isotropic general relativistic static fluid sphere.
From the above one can obtain the Tolman-Oppenheimer-Volkoff equation, namely dp(r) dr
where
and the mass-energy density ρ has the form
where ρ 0 and ǫ are the mass density and internal energy density respectively. Eqs. (5) and (6) together with the equation of state ρ = ρ(p) determine the equilibrium configuration.
In a white dwarf star, the matter consists of electrons of rest mass m e as a degenerate Fermi gas.
The equation of state is given by the parametric form
and Substituting Eqs. (8) and (9) in Eqs. (5) and (6), the following differential equations are obtained.
We shall solve these equations numerically for white dwarf stars in the next section.
Numerical Integration
Eqs. (10) and (11)can be made dimensionless by introducing dimensionless variables x = r/a and u = m/b (which are referred to as dimensionless radius and mass, respectively). They reduce to the
We have chosen the values a = 6.819 × 10 7 cm and b = 7.8143 × 10 30 gm so that the prefactors in equations (12) and (13) Table 1 for 1.0 ≤ ξ 0 ≤ 20.0.
In the limit ξ → ∞, Eqs. (12) and (13) reduce to the simple forms
From Eqs. (8) and (9), the ratio of central pressure to the central mass-energy density for the limiting case ξ 0 → ∞ turns out to be
which represents a sphere of fluid with infinite density and pressure at the center. Eqs. (14) and (15) 
From the above solution we get the initial condition for the ξ 0 value. We use this initial value to integrate Eqs. (12) and (13) from ξ = ξ 0 (centre) to ξ = 0 (surface). This gives the last entry in Table 1 .
As we wish to compare these results of numerical integration with the results following from Newtonian gravity, we also numerically integrate the following (Newtonian) equations.
The mass-radius relationship following from the numerical integrations of the TOV equations [Eqs. (12) and (13)] and the Newtonian equations [Eqs. (18) and (19) ] are compared in Fig. 1 . It is seen that the two mass-radius curves coincide for small values of ξ 0 . This is due to the fact that the For higher values of central density, the TOV curve starts to deviate from the Newtonian curve as seen towards the left part of the plot. Thus, for large ξ 0 , there is a departure from the nonrelativistic M ∼ R −3 behavior for both Newtonian and TOV cases. We also find that the critical limiting mass is lower for the TOV case than the Newtonian case, the values being 1.397M ⊙ and 1.452M ⊙ respectively. The Newtonian value (1.452M ⊙ ) is the Chadrasekhar's limit (however the well known value is 1.44 M ⊙ ).
Stability of White Dwarf Stars

Gravitational Instability
We shall analyze the gravitational stability following from the solutions of Eqs. (12) and (13) using the conditions previously obtained in Ref. [22] . The equilibrium configuration of the star is identified by the extremum in the energy-matter distribution curve. The total energy of the star was previously derived by adding corrections due to general relativity, which is given by [22] 
where the first two terms correspond to the internal energy and the corresponding relativistic correction, the third term is the gravitational energy in Newtonian limit, and the fourth term is the correction due to general relativity. The hydrostatic Eqs. (18) and (19), based on Newtonian gravity, ignore the internal kinetic energy contribution and metic correction. The general relativistic effects are taken into account by adding first order corrections in the above eqaution as shown. Thus the above equation is an approximate expression for energy due to the general relativistic correction.
This approximation is expected to be good when the mass-radius ratio in mertic correction is small. Table 2 .
Minimizing this energy gives the equilibrium condition
However, we consider the full TOV equation [namely, Eqs. (12) and (13)] so that we obtain the general relativistic effects without having to make any approximations. Thus, our results are expected to be close to exact (within the numerical errors due to digital computation).
The plot in Fig. 2 shows the dependence of mass on central density as a result of computation based on the TOV equation [(12) and (13)]. The mass of the star increases with increase in the central density until a maximum is reached beyond which it falls down. The positive slope ( ∂M ∂ρc > 0) corresponds to the stable portion whereas the negative slope ( ∂M ∂ρc < 0) to the unstable portion. The plot also predicts a maximum stable mass a white dwarf can achieve, which is approximately 1.397M ⊙ . This corresponds to a central density of 2.359 × 10 10 g/cm 3 . For higher values of density, the star becomes unstable and collapses under its own gravitational pull. The steep part of the curve shows the gravitational collapse of the white dwarf star against the degenerate pressure of the electron gas. Beyond the maxima the degenerate pressure is not sufficient to withstand the gravitational pull resulting in a collapse.
The occurence of a critical limiting mass can be clearly seen when we plot the mass M versus the radius R of the star on linear scales. This is shown in Fig. 4 for helium white dwarf stars, where the maxima is identified as the critical point (at a mass of about 1.397M ⊙ ). The portion towards the right of the maxima corresponds to stable equilibrium, whereas that towards the left corresponds to instability. Thus the TOV equation gives a critical mass of 1.397M ⊙ solar masses which is slightly smaller than that obtained by Chandrasekhar.
We also solve the TOV equations for iron white dwarf stars (for which µ e = 2.154) and obtain the corresponding mass-radius relationship. Fig. 5 shows the occurance of the critical limiting mass for iron white dwarfs, giving the critical mass to be 1.204M ⊙ .
The critical central densities for a few white dwarf stars are also computed numerically based on the TOV equation [(12) and (13)] and the results are shown in Column 2 of Table 2 .
Inverse Beta-decay Instability
The process of inverse beta-decay, namely
becomes important for high values of electron density. Usually this fact is ignored when calculating the most stable configuration of white dwarfs. At high electron densities, the elctrons become more relativistic so that the condition E F ǫ z , where E F is the fermi energy and ǫ z is the difference in binding energies of the parent and daughter nuclei, may be satisfied for inverse beta-decay to occur.
At a high density, the star becomes unstable under inverse beta-deacay and collaspes to form much dense matter (this might be a mixture of neutron rich nuclei, electrons and neutrons). The threshold density for inverse beta-decay was calculated [23, 24] by setting E F = ǫ z . This gives
where beta-decay energy ǫ z is obtained experimentally and is listed in Ref. [25] . The values of the neutronization threshold densities ρ N following from Eq. (22) are listed in Column 4 of Table 2 . For white dwarfs whose neutronization density is smaller than the onset density of gravitational instability we expect an unstable phase before reaching the critical mass obtained from general relativity. Inverse beta-decay that sets in before the gravitational instability reduces the electron density which in turn reduces the degeneracy pressure so that we expect a smaller value for critical mass than that obtained by general relativity. Fe white dwarf stars must be lower than 1.204 M ⊙ . We compute the corresponding masses from the TOV equations and identify them as the critical masses for stability aganist neutronization, which are shown in the last column of Table 2 . The equation of state we assumed is valid for all electron velocities, both non-relativistic and ultra relativistic, connecting the two regimes smoothly. However, the equation of state does not incorporate the inter-particle interaction or neutronization process. The neglect of inter-particle interaction is however justified in the limit of high density [12] . In fact it was shown in Ref. [14] that the electrostatic correction to the equation of state can be treated as negligible. The maxima of the mass-radius curve (in Fig. 3 ) marks the onset of gravitational collapse and the region towards the left of the maxima corresponds to an unstable region. It is expected that the growth in density makes the electrons more relativistic so that the condition favoring inverse beta decay is approached.
Concluding Remarks
We took account of the neutronization by using Eq. (23) obtained on the basis of Salpeter's arguments and calculated the onset density for inverse beta-decay for different compositions of the star (shown in Column 4 of Table 2 ). We found that stars composed of lighter elements ( Table 2 , we list the maximum stable mass by solving the TOV equations corresponding to the central densities for neutronization thresholds.
Mass distribution of a large number of white dwarf stars with a wide range of masses, including low and massive stars, were ploted by various researchers [27, 28] . The most massive non-magnetic white dwarf observed was LHS4033 [26, 27, 28] which was predicted to have an oxygen-neon core with a mass in the range of 1.318-1.335 M ⊙ . This range of mass values is consistent with our calculations.
